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Abstract 

The aim of these lectures is to give a brief introduction to brane 
cosmology. After introducing some basic geometrical notions, we dis- 
cuss the cosmology of a brane universe with matter localized on the 
brane. Then we introduce an intrinsic curvature scalar term in the 
bulk action, and analyze the cosmology of this induced gravity. Fi- 
nally we present the cosmology of a moving brane in the background 
of other branes, and as a particular example, we discuss the cosmo- 
logical evolution of a test brane moving in a background of a Type-0 
string theory. 
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1 Introduction 



Cosmology today is an active field of physical thought and of exiting exper- 
imental results. Its main goal is to describe the evolution of our universe 
from some initial time to its present form. One of its outstanding successes 
is the precise and detailed description of the very early stages of the universe 
evolution. Various experimental results confirmed that inflation describes 
accurately these early stages of the evolution. Cosmology can also help to 
understand the large scale structure of our universe as it is viewed today. 
It can provide convincing arguments why our universe is accelerating and it 
can explain the anisotropics of the Cosmic Microwave Background data. 

The mathematical description of Cosmology is provided by the Einstein 
equations. A basic ingredient of all cosmological models is the matter con- 
tent of the theory. Matter enters Einstein equations through the energy 
momentum tensor. The form of the energy momentum tensor depends on 
the underlying theory. If the underlying theory is a Gauge Theory, the scalar 
sector of the theory must be specified and in particular its scalar potential. 
Nevertheless, most of the successful inflationary models, which rely on a 
scalar potential, are not the result of an uderlying Gauge Theory, but rather 
the scalar content is arbitrary fixed by hand. 

In String Theory the Einstein equations are part of the theory but the 
theory itself is consistent only in higher than four dimensions. Then the cos- 
mological evolution of our universe is studied using the effective four dimen- 
sional String Theory. In this theory the only scalar available is the dilaton 
field. The dilaton field appears only through its kinetic term while a dilaton 
potential is not allowed. To have a dilaton potential with all its cosmological 
advantages, we must consider a' corrections to the String Theory. Because 
of this String Theory is very restrictive to its cosmological applications. 

The introduction of branes into cosmology offered another novel approach 
to our understanding of the Universe and of its evolution. It was proposed 
|I| that our observable universe is a three dimensional surface (domain wall 
, brane ) embedded in a higher dimensional space. In an earlier speculation, 
motivated by the long standing hierarchy problem, it was proposed || that 
the fundamental Planck scale could be close to the gauge unification scale, 
at the price of "large" spatial dimensions, the introduction of which explains 
the observed weakness of gravity at long distances. In a similar scenario , 
our observed world is embedded in a five-dimensional bulk, which is strongly 
curved. This allows the extra dimension not to be very large, and we can 
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perceive gravity as effectively four- dimensional. 




Figure 1: A brane embedded in a five dimensional space. 

This idea of a brane universe can naturally be applied to String Theory. 
In this context, the Standard Model gauge bosons as well as charged matter 
arise as fluctuations of the D-branes. The universe is living on a collection 
of coincident branes, while gravity and other universal interactions is living 
in the bulk space ||. 

This new perception of our world had opened new directions in cosmol- 
ogy, but at the same time imposed some new problems. The cosmological 
evolution of our universe should take place on the brane, but for the whole 
theory to make sense, the brane should be embedded in a consistent way 
to a higher dimensional space the bulk. The only physical field in the bulk 
is the gravitational field, and there are no matter fields. Nevertheless the 
bulk leaves its imprint on the brane, influencing in this way the cosmological 
evolution of our universe. In the very early attempts to study the brane cos- 
mology, one of the main problems was, how to get the standard cosmology 
on the brane. 

In these lectures, which are addressed to the first years graduates stu- 
dents, we will discuss the cosmological evolution of our universe on the brane. 
Our approach would be more pedagogical, trying to provide the basic ideas 
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Figure 2: A vector moving around a curve C. 



of this new cosmological set-up, and more importantly to discuss the math- 
ematical tools necessary for the construction of a brane cosmological model. 
For this reason will not exhaust all the aspects of brane cosmology. For us, to 
simplify things, a brane is a three dimensional surface which is embedded in a 
higher dimensional space which has only one extra dimension, parametrized 
by the coordinate y, as it is shown in Fig.l. 

The lectures are organized as follows. In section two after an elementary 
geometrical description of the extrinsic curvature, we will describe in some 
detail the way we embed a D-dimensional surface in a D+l-dimensional bulk. 
We believe that understanding this procedure is crucial for being able to 
construct a brane cosmological model. In section three we will present the 
Einstein equations on the brane and we will solve them for matter localized 
on the brane. Then we will discuss the Friedmann-like equation we get on 
the brane and the ways we can recover the standard cosmology. In section 
four we will see what kind of cosmology we get if we introduce in the bulk 
action a four- dimensional curvature scalar. In section five we will consider a 
brane moving in the gravitational field of other branes, and we will discuss 
the cosmological evolution of a test brane moving in the background of a 
type-0 string theory. Finally in the last section we will summarize the basic 
ideas and results of brane cosmology. 



2 A Surface E embedded in a D-dimensional 
Manifold M 



2.1 Elementary Geometry 



To understand the procedure of the embedding of a surface £ in a higher 
dimensional manifold, we need the notion of the extrinsic curvature . We 
start by explaining the notion of the curvature 0. 

If you have a plane P and a curve C on it, then any vector starting 
from the point p and moving along the curve C it will come at the same 
point p with the same direction as it started as shown in Fig. 2. However, 
if the surface was a three dimensional sphere, and a vector starting from p 
is moving along C, will come back on p, having different direction from the 
direction it started with, as shown in Fig. 3. 

These two examples give the notion of the curvature . The two dimen- 
sional surface is flat, while the three dimensional surface is curved. Having 
in mind Fig. 2 and Fig. 3 we can say that a space is curved if and only if some 
initially parallel geodesies fail to remain parallel. We remind to the reader 
that a geodesic is a curve whose tangent is parallel-transported along itself, 
that is a "straightest possible" curve. 




Figure 3: A vector moving around a curve C on a sphere. 

We can define the notion of the parallel transport of a vector along a 
curve C with a tangent vector t a , using the derivative operator V a . A vector 
v a given at each point on the curve is said to be parallely transported, as one 
moves along the curve, if the equation 

t a V a v h (1) 
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is satisfied along the curve. Consider a point q on E with a normal vector 
n a . If I parallel transport the vector n a to a point p, then it will be the 
dashed lines. The failure of this vector to coincide with the vector n a at 
p corresponds intuitively to the bending of E in the space time in which is 
embedded (Fig. 4). This is expressed by the extrinsic curvature 

K ab = h c a V c n b (2) 

where h ab the metric on E. 




2.2 The Embedding Procedure 

Imagine now that we have a surface E (Known also as a domain wall or 
brane) embedded in a D-dimensional Manifold M ||. Assume that M splits 
in two parts M±. We demand the metric to be continuous everywhere and 
the derivatives of the metric to be continuous everywhere except on E. The 
Einstein-Hilbert action on M is 

Seh = ~\J d D x^R (3) 

where qmn is the metric on M, with M,N=1,...,D. We define the induced 
metric on E as 

h-MN = 9mn — n-M^N (4) 
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where % is the unit normal vector into M±. We vary the action (^) in M± 
and we get 

5S EH = ~I d D - l V^hg MN n p (V M 5g NP -V P 5g MN ) (5) 
2 js± 

If we replace g MN = h MN + n M n N in (|5]) we get 

5S EH = - l -( ^- x V-hh MN -nP{V M Sg N p-Vp8g M N) (6) 

2 JT,± 

Recognize the term (V ' m^np — V ' p5guN) as the discontinuity of the deriva- 
tive of the metric across the surface. We do not like discontinuities so we 
introduce on both side of the surface E, the Gibbons-Hawking boundary term 

Sgh = -\I d D - l ^hK (7) 
2 Jy,± 

where k = h MN KMN and Kmn is the extrinsic curvature defined in (0). If 
we vary the Gibbons-Hawking term we get as expected 

SS QH = -\ / e± d 13 ' 1 V^h(5K - l -Kh MN 5g MN ) (8) 

we need the variation of 5K. If we use the variation 

Sn M = ^n M n p n Q 5g P Q (9) 

after some work we get 

5K = -K MN 5g - h MN n p (V M Sg NP - V P 5g MN ) + l -Kn p n^5g PQ (10) 

We have the variation of both terms Seh and Sgh in © and (H). Puting 
everything together we get 

SSeh + SS G e = j d D - l x^(hi MN n p V M g NP + K MN 5g MN (11) 
- l -Kn M n N 5g MN - l -Kh MN 5g MN ) 

To simplify the above formula imagine a vector X M tangential to E±, then 
V M X M = h MN V M X N + n M n N V M X N (12) 
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Define the derivative operator V on £ from 

V R X M = \4h Q R X p (13) 
then, using (|i"2[ ) and ([13|) we have 

V M X M = V M X M - X M n N V N X M (14) 

and 

h MN n p V M 6g N P = V M {h MN n p 5g NP ) - 5g NP V M {h MN n p ) (15) 
If we use the definition of extrinsic curvature K MN from @) we get 

h MN n p V M Sg NP = V M (h MN n p 6g N p) + Kn M n N 6g MN - K MN 6g MN (16) 

If we substitute (|I]) in fllTD and integrate out the total derivative term we 
get our final result 

5S EH + 5S GH = ~ / d D - l x^Th(K MN - Kh MN )5g MN (17) 

Therefore what we have done is that starting with the Einstein-Hilbert ac- 
tion, we were forced to introduce the Gibbons-Hawking term, to cancel the 
discontinuities and the variation of both terms is expressed in terms of the 
extrinsic curvature and its trace. 



2.3 The Israel Matching Conditions 



Relation (|17j ) is therefore the result of the embedded surface £ into M, a 
pure geometrical process. Now we can put some dynamics on the surface 
assuming that there is matter on the surface with an action of the form 

Sm = d D 1 xV—hL maU er (18) 

where L matter represents the matter on the brane. Then, the variation of (|18[) 
gives 

SS M = I d D - 1 xV^hT MN 5g MN (19) 

JT,± 

where T MN = — -3== s 6 , Sm is the energy momentum tensor of the brane. Now, 
if we demand the variation of the whole action 

6S = 6S EH + 5S GH + SS M (20) 
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to be zero, using (|T7D and ( |T§] ) we get the Israel Matching Conditions J7| 

[Kmn - Kh MN } = —T M n (21) 

where the curly brackets denote summation over both sides of E. This re- 
lation is central for constructing any brane cosmological model. In some 
way it supplements the Einstein Equations in such a way as to make them 
consistent on the brane. 



3 Brane Cosmology in 5-dimensional Space- 
time 

3.1 The Einstein Equations on the Brane 

The most general action describing a three-dimensional brane in a five- 
dimensional spacetime is || 



'5 

+ / (Px^=gL™ at + / d i x^gUT at (22) 
Jm Jt, 

where A5 and A4 are the cosmological constants of the bulk and brane re- 
spectively, and L™ at , L™ at are their matter content. From the dimensionful 
constants k 2 , k\ the Planck masses M 5 , M 4 are defined as 

k\ = 87rG (5) = M 5 " 3 

k\ = 87rG (4) = M 4 - 2 (23) 
We will derive the Einstein equations for the simplified action 

= op" / d 5 x^ {5) R + f d 5 Xy/^Lf at (24) 
2/C/L Jm Jm 

which is historically the first action considered |9j , and we will leave for later 
the general case. We will consider a metric of the form 

ds 2 = g M Ndx M dx N = g^dx^dx" + b 2 dy 2 (25) 
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where y paramertizes the fifth dimension. We will assume that our four 
dimensional surface is sited at y = 0. We allow a time dependence of the 
fields so our metric becomes 

ds 2 = -n 2 (t, y)dt 2 + a 2 (t, y)5 ij dx i dx j + b 2 (t, y)dy 2 (26) 

Note that we take for simplicity flat metric for the ordinary spatial di- 
mensions. For the matter content of the action (]24]) we assume that matter 
is confined on both, brane and bulk. Then, the energy momentum tensor 
derived from (p4|) can be decomposed into 



rpM _ rpM 

1 N — 1 N 



, rpM 

' N 



bulk 

For the matter on the brane we consider perfect fluid with 



(27) 

brane 



rpM 
1 N 



brane 



-diag(-p,p } p,p,,0) (28) 



What we want now is to study the dynamics of the metric g U v(t, 0). For this, 
we have to solve the 5-dimensional Einstein equations 

Gmn = k 2 TMN (29) 

Inserting (|^) in (^9|) we get 



i 2 " 11 lJ 

Goo = 3 {-(- + l)-T2-(- + -(--T )} 



Glj = ^{2. ( 2. + 2 »)_» ( » + 22.) + 22- + =-} 

n z I- n a n. h n a a n > 



a „ r cl , a h x b , a h x d b\ 
+ —S ij {-(— + 2- +7 -2~ + - -2---} 
n z l a a n b an a b> 

„ n/ n' a a b a . 

G 05 = 3 +____) 

n a a b a 

„ ja ,o n. b 2 (d.d h. d\^ /0 „ x 
G 55 = 3{- - + - - —(- +-)} 30 

We are looking for solutions of the Einstein equations ( p9|) near or in 
the vicinity of y — 0. At the point y — 0, where the brane is situated, 
we must take under consideration the Israel Boundary Conditions. We can 
use relations (pl|) to calculate them or follow an easier way ||. We require 
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that the derivatives of the metric with respect to y, to be discontinuous at 
y = 0. This means that in the second derivatives of the quantities a and n a 
distributional term will appear which will have the form [a ]S(y) or [n ]5(y) 
with 

[a] =a'(0 + )-a'((T) (31) 
[n] =n'(0 + ) -n'(O-) (32) 



We can calculate the quantities Q31D and (|32|) using equations ( p0|) and 
the energy-momentum tensor 



a b 



k 2 

(5) 
—P 

3 ^ 

* T5) (3p + 2p) (33) 



n & 3 

where a = a(t, 0) and b = b(t,Q) and we have set n(t,0)=l. If we use a 
reflection symmetry y — > —y the (55) component of the Einstein equations 
(EST) with the use of (EST) and (031) becomes 



Oo . «0 ^(5) / . Q x ;2 ^55 f q a\ 

^ + ^ = -^ p{p + 3p) ' k ^M (34) 

This is our cosmological Einstein equation which governs the cosmological 
evolution of our brane universe . 



3.2 Cosmology on the Brane 

Define the Hubble parameter from H — ^. Then equation (|34|) becomes 



k 4 T 
2H 2 + H = -^p(p + 3p)-kl ) ^ (35) 



If one compares equation (|35D with usual Friedmann equation, one can see 
that energy density enters the equation quadratically, in contrast with the 
usual linear dependence. Another novel feature of equation (|35D is that the 
cosmological evolution depends on the five- dimensional Newton's constant 
and not on the brane Newton's constant. 



10 



To have a feeling of what kind of cosmological evolution we get, we con- 
sider the Bianchi identity VmG m n = 0. Then using the Einstein equation 
( |29| ) and the energy momentum tensor on the brane from (^), we get 

P + 3(p + p)— = (36) 
ao 

which is the usual energy density conservation. If we take for the equation of 
state p = wp, then the above equation gives for the energy density the usual 
relation 

p -< a e- 3{1+w) (37) 
If we look for power law solutions however, ao(t) -< t q equation ( j35|) gives 

q = r (38) 

which comparing with q s t an dard = zT^w) & ves slower expansion. 

If we add a cosmological constant in the bulk, then a solution of the 
Einstein equation (|29| ) can be obtained, in which the universe starts with 
a non conventional phase and then enters the standard cosmological phase 



4 Induced Gravity on the Brane 

The effective Einstein equations on the brane which we discussed in section 



(3.1) were generalized in [13], where matter confined on the brane was taken 



under consideration. However, a more fundamental description of the physics 



that produces the brane could include higher order terms in a derivative 



expansion of the effective action, such as a term for the scalar curvature of 
the brane, and higher powers of curvature tensors on the brane. In [|15| , [16[ it 
was observed that the localized matter fields on the brane (which couple to 
bulk gravitons) can generate via quantum loops a localized four- dimensional 
worldvolume kinetic term for gravitons. That is to say, four-dimensional 
gravity is induced from the bulk gravity to the brane worldvolume by the 
matter fields confined to the brane. We will therefore include the scalar 
curvature term in our action and we will discuss what is the effect of this 
term to cosmology. 
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Our theory is described then by the full action fl22|). Using relations fl2"3"|) 
we define a distance scale 



4 mi 



K 



2 



Mi' 



(39) 



Varying (|22|) with respect to the bulk metric c/mn-i we obtain the equations 

®G MN = -A 5 g MN + 4 ( {5) T MN + « oc) T MN S(y)) , (40) 

where 

(loc) 



^T MN = — — j a ( Gab — 4 ^Tmn + A^mtv) (41) 

is the localized energy-momentum tensor of the brane. ^ 5 'Gmn, ^Gmn 
denote the Einstein tensors constructed from the bulk and the brane metrics 
respectively. Clearly ^'Gmn ac ts as an additional source term for the brane 
through {loc) T MN . 

It is obvious that the additional source term on the brane will modify the 
Israel Boundary Conditions (|2"T|). The modified conditions are 

/ (loc)rp \ 

[K" v ] = -k\ K ( - , (42) 

where the bracket means discontinuity of the extrinsic curvature K^ v = 
^dyg^ across y = 0, and b Q = b(y = 0). A Z 2 symmetry on reflection 
around the brane is understood throughout. 

Using equations ( |4"0"| ) and ([EJ) we can derive the four-dimensional Einstein 
equations on the brane ||. They are 

(4) G^ = kf 4) WT1 - A (4) n - a(L\ + | + \ a y v (43) 

where a = 2/r c , while the quantities L^ v are related to the matter content 
of the theory through the equation 

and L = The quantities are given by the expression 

f£ = (a 4 -~A 5 )^-k^ 4 >C + (45) 

+ ±4(MT> + (VTl-^)%)-n. (46) 
12 



^ -T 5 " = f " - I ( 3 « 2 + 2f A ) ^ > (44) 



Bars over ^Tjf and the electric part = C^ IuN n M n N of the Weyl tensor 
Cff PR mean that the quantities are evaluated at y = 0. carries the 
influence of non-local gravitational degrees of freedom in the bulk onto the 
brane and makes the brane equations (|43| ) not to be, in general, closed. This 
means that there are bulk degrees of freedom which cannot be predicted from 
data available on the brane. One needs to solve the field equations in the 
bulk in order to determine E^, on the brane. 



4.1 Cosmology on the Brane with a Term 

To get a feeling of what kind of cosmology we get on the brane with an 
term, we consider the metric of (|26|). To simplify things we take ^Tmn 
to be just the five- dimensional cosmological constant, while for the matter 
localized on the brane we take ^'Tmn to have the usual form of a perfect 
fluid (relation(|28|)). The new term that enters here in the calculations is the 
four- dimensional Einstein tensor ^Gmn which appears in ( loc )T (relation 
(|4"T|)). The non vanishing components of ^Gmn can be calculated to be 



(4)^ _ 3%) f a 2 n 2 y 

kib L n 2 v a 1 an a 1 > 



Then as in section (3.1) we can calculate the distributional parts of the 
second derivatives as 



a 



a b 
n b 



k 2 fcf (d 2 

3 k/iTlc\ CL> 



<■ ag a^ 



' of) a n 



k(no 



+ 2^- 
a 



(48) 



If we again use a reflection symmetry y 

and (Wi 



tions fl40D with the use of 
equation 



— > —y, then the Einstein equa- 
give our cosmological Einstein 



! H 2 + 



1 



A- 2 



-P + 



1 



(49) 
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To compare this equation with the evolution equation ( |53j ) we had derived 
without the term, we observe that the energy density enters the evolu- 
tion equation linearly as in the standard cosmology. However the evolution 
equation fl49|) is not the standard Friedmann cosmological equation. We can 
recover the usual Friedmann equation fl8|], if (neglecting the \ term) 



H- 1 < 



M (4) 



(50) 



If we use the crossover scale r c of ([39]) the above relation means that an 
observer on the brane will see correct Newtonian gravity at Hubble distances 
shorter than a certain crossover scale, despite the fact that gravity propagates 
in extra space which was assumed there to be flat with infinite extent; at 
larger distances, the force becomes higher-dimensional. We can get the same 
picture if we look at the equation QUI) . If the crossover scale r c is large, 
then a = 2/r c is small and the last term in fl4"4"|) decouples, giving the usual 
four-dimensional Einstein equations. 



5 A brane on a Move 

So far the domain walls (branes) were static solutions of the underlying the- 
ory, and the cosmological evolution of our universe was due mainly to the 
time evolution of energy density on the domain wall (brane). In this section 
we will consider another approach. The cosmological evolution of our uni- 
verse is due to the motion of our brane-world in the background gravitational 



field of the bulk H, 19, 20, 21 



In || the motion of a domain wall (brane) in a higher dimensional space- 
time was studied. The Israel matching conditions were used to relate the 
bulk to the domain wall (brane) metric, and some interesting cosmological 
solutions were found. In a universe three-brane is considered in motion in 
ten-dimensional space in the presence of a gravitational field of other branes. 
It was shown that this motion in ambient space induces cosmological ex- 
pansion (or contraction) on our universe, simulating various kinds of matter. 
In particular, a D-brane moving in a generic static, spherically symmetric 
background was considered. As the brane moves in a geodesic, the induced 
world-volume metric becomes a function of time, so there is a cosmological 
evolution from the brane point of view. The metric of a three-dimensional 
brane is parametrized as 
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ds 2 w = g 00 (r)dt 2 + g{r){dx) 2 + g rr {r)dr 2 + g s (r)dQ 5 (51) 

and there is also a dilaton field $ as well as a RR background C(r) = Co. ..3(7") 
with a self-dual field strength. The action on the brane is given by 



'(JO>) 



S = T 3 J (Pte-^yJ-detiG^ + (W)^ - B p 

+T3 J d A £C 4 + anomaly terms (52) 
The induced metric on the brane is 

dx M dx N 

G„ v = G MN -——- (53) 



with similar expressions for F af3 and B a/3 . In the static gauge, using ( [53"D we 
can calculate the bosonic part of the brane Lagrangian which reads 



L = y/A(r) - B(r)r 2 - D^h^ft - C{r) (54) 
where h^dftdft 1 is the line element of the unit five-sphere, and 

A(r) =g\r)\g m {r)\e~ 2 \B{r) = g\r)g rr {r)e- 2 \ D{r) = g 3 (r)g s (r)e- 2 * 

(55) 

Demanding conservation of energy E and of total angular momentum £ 2 
on the brane, the induced four- dimensional metric on the brane is 



ds 2 = (g 00 + g rr r 2 + g shaft '<jt)dt 2 + g{dx) 2 (56) 



with 



•2 A„ A OK 2 ,, ,, AH 2 

T = B (1 " (C + E) 2 D } ' K ^ ^ = D 2 (C + E) 2 (57) 

Using (|5T|), the induced metric becomes 

d§ 2 = -drj 2 + g(r(r]))(dx) 2 (58) 
with i] the cosmic time which is defined by 

, |ffoo|^e- $ 

77 = |C + ff| ^ 
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This equation is the standard form of a flat expanding universe. If we 
define the scale factor as a 2 = g then we can calculate the Hubble constant 
H — -, where dot stands for derivative with respect to cosmic time. Then 
we can interpret the quantity (-) 2 as an effective matter density on the brane 
with the result 

Svr (C + E) 2 g s e 2 *-\g 00 \(g s g 3 + £ 2 e 2 *) /g \ 2 

-irPeff - Ti j 5 { — ) i W 

3 ^\goo\9rrgsg s g 

Therefore the motion of a three-dimensional brane on a general spherically 
symmetric background had induced on the brane a matter density. As it is 
obvious from the above relation, the specific form of the background will 
determine the cosmological evolution on the brane. 

We will go to a particular background, that of a Type-0 string, and see 
what cosmology we get. The action of the Type-0 string is given by |23| 



S w = J d 10 x^[e^(R + (d^) 2 - I (d fl T) 2 --m 2 T 2 --H mnr H mi 

-\(i+T+^-m\ 2 } (6i) 

The equations of motion which result from this action are 

2V 2 $ - 4(V n $) 2 - \rn 2 T 2 = (62) 



R mn +2V m V n $ - \v m TV n T - I ^e 2 */(T) (F mklpq F n kl ™ 

--^G mn F sklpq F skl ^) = (63) 

(_V 2 + 2V n $V n + m 2 )T + _L e 2*/'(T)F aWM F' fc, « = (64) 

V m (f(T)F mnkm ) = (65) 
The tachyon is coupled to the RR field through the function 

/(T ) = 1 + T+ I T 2 (66) 
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In the background where the tachyon field acquires vacuum expectation value 
T V ac — — 1; the tachyon function (|66|) takes the value f{T r 
guarantee the stability of the theory 
The equations (|62"D-( 



| which 



) can be solved using the metric (|5T|). Moreover 
one can find the electrically charged three-brane if the following ansatz for 
the RR field 



Com = A(r),F 0l23r = A'(r) 
and a constant value for the dilaton field $ = <£>n is used 



(67) 



fl'oo 



-H *,g{r) = H 5 , g s (r) = H *r 2 , g„{r) = H 2 , H = 1 + 



e*°Q 
2r 4 



(68) 



is 



5.1 Cosmology of the Moving Brane 

The induced metric on the brane (|56[) using the background solution 

ds 2 = (-fH + H^r 2 + H&hij&^dt 1 + H-^(dx) 2 (69) 
From equation fl65|) the field C = C0123 using the ansatz fl6"7|) becomes 

C' = 2Qg 2 g s % Jg- r r\T) (70) 

the -R.R field can be 



where Q is a constant. Using again the solution 
integrated to give 



C 



3 -$o /-l 



(71) 



where Qi is a constant. The effective density on the brane (|5UD, using equa- 
tion (H) and (|70D becomes |2| 



yPe // = i[(r 1 (r) + E^) 2 -(l+ 2 



#)] 



.10 



IT* 



(72) 



where the constant Qi was absorbed in a redefinition of the parameter E. 
Identifying g = a 2 and using g = we get from (fF3) 



8tt 



,2e" 



Ep®°\2 / / 2 p 2 * 2p _<i>0 1 



a J 



a' 







:i-« 4 )5 



:i-« 4 )5 



(73) 
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From the relation g = H 2 we find 



I — a 4 



7 ( ] k 



(74) 



This relation restricts the range of a to < a < 1, while the range of r is 
< r < 00. We can calculate the scalar curvature of the four- dimensional 
universe as 

Rbrane = 8tt(4 + ad a )p e ff (75) 

If we use the effective density of ( |75| ) it is easy to see that Rbrane of (0) blows 
up at a = 0. On the contrary if r — > 0, then the ds\ Q of (|51~1) becomes 

r 2 /~ 
ds 2 = — (-dt 2 + {dxf) + — dr 2 + Ldtt 5 (76) 

r 

with L = (^-rp^- This space is a regular AdSs x S 5 space. 

Therefore the brane develops an initial singularity as it reaches r = 0, 
which is a coordinate singularity and otherwise a regular point of the AdS$ 
space. This is another example in Mirage Cosmology [^0| where we can 
understand the initial singularity as the point where the description of our 
theory breaks down. 

If we take £ 2 = 0, set the function f(T) to each minimum value and also 
taking $ — 0, the effective density (|73|) becomes 



8tt ,2,i/, \ . ,,,5 

-jP^ft = (g) 5 (( 2 + ^) - ty 1 ~ a ( ?? ) 

As we can see in the above relation, there is a constant term, coming from 
the tachyon function f(T). For small a and for some range of the parameters 
E and Q it gives an inflationary phase to the brane cosmological evolution. 
In Fig. 5 we have plotted p e ff as a function of a for Q = 2. Note here that 
E is constrained from (|57|) as C + > 0. In our case using ( |7T|) we get 
i? > — 2a 4 , therefore E can be as small as we want. 

The cosmological evolution of a brane universe according to this example 
is as follows. As the brane moves away from r = to larger values of r, 
the universe after the inflationary phase enters a radiation dominated epoch 
because the term a -4 takes over in ([FT]). As the cosmic time 77 elapses the ct~ 8 
term dominates and finally when the brane is far away from r = 0, the term 
which is controlled by the angular momentum I 2 gives the main contribution 



18 



0,0 



0,2 



0,4 



a 



0,6 



0,8 



Figure 5: The induced energy density on the brane as a function of the brane 
scale factor. 



to the effective density. Non zero values of £ 2 will give negative values for p e //. 
We expect that at later cosmic times there will be other fields, like gauge 
fields, which will give a different dynamics to the cosmological evolution and 
eventually cancel the negative matter density. 

The above model can be generalized to include a non constant value for 



the dilaton field. Then using p5[ and |26| we can study the cosmological 
evolution of a brane universe as the brane moves from IR to UV in the 
background of a type-0 string theory |27|, |28|, |29], |30|. 



6 Conclusions 

We presented the main ideas and gave the main results of the cosmological 
evolution of a brane universe. The main new result that brane cosmology 
offered, is that our universe at some stage of its evolution, passed a cos- 
mological phase which is not described purely by the Friedmann equation 
of standard cosmology. In the simplest possible brane model, the Hubble 
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parameter scales like the square of the energy density and this results in a 
slower universe expansion. There were a lot of extensions and modifications 
of this model, trying to get the standard cosmology but it seems that the 
universe in a brane world passed from an unconvensional phase at its earliest 
stages of its cosmological evolution. 

The inclusion of an term in the action, offered a more natural expla- 
nation of the brane unconvensional phase. At small cosmological distances 
our universe was involved according the usual Einstein equations. If the cos- 
mological scale is larger than a crossover scale, we enter a higher-dimensional 
regime where the cosmological evolution of our brane universe is no longer 
Governed by the conventional Friedmann equation. 

We also presented a model where a brane is moving in the gravitational 
field of other branes. Then we can have the standard cosmological evolution 
on the brane, with the price to be paid, that the matter on the brane is a 
"mirage" matter. 
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